a b s t r a c t Membrane fouling during particle filtration occurs through a variety of mechanisms, including internal pore clogging by contaminants, coverage of pore entrances, and deposition on the membrane surface. Each of these fouling mechanisms results in a decline in the observed flow rate over time, and the decrease in filtration efficiency can be characterized by a unique signature formed by plotting the volumetric flux, b Q , as a function of the total volume of fluid processed, b V . When membrane fouling takes place via any one of these mechanisms independently the b Q b V signature is always convex downwards for filtration under a constant transmembrane pressure. However, in many such filtration scenarios, the fouling mechanisms are inherently coupled and the resulting signature is more difficult to interpret. For instance, blocking of a pore entrance will be exacerbated by the internal clogging of a pore, while the deposition of a layer of contaminants is more likely once the pores have been covered by particulates. As a result, the experimentally observed b Q b V signature can vary dramatically from the canonical convexdownwards graph, revealing features that are not captured by existing continuum models. In a range of industrially relevant cases we observe a concave-downwards b Q b V signature, indicative of a fouling rate that becomes more severe with time. We derive a network model for membrane fouling that accounts for the inter-relation between fouling mechanisms and demonstrate the impact on the b Q b V signature. Our formulation recovers the behaviour of existing models when the mechanisms are treated independently, but also elucidates the concave-downward b Q b V signature for multiple interactive fouling mechanisms. The resulting model enables post-experiment analysis to identify the dominant fouling modality at each stage, and is able to provide insight into selecting appropriate operating regimes.
Introduction
Understanding membrane fouling is a key goal in separation science, and is an area in which detailed mathematical modelling can provide key insight for membrane design optimization. Membrane fouling is a complex process due to interaction between membrane properties, solution composition, and process conditions [1] . Historically, in a typical filtration set-up there are four key membrane fouling mechanisms:
(i) Standard blocking -small particles pass into the membrane pores and a finite number adhere to the walls causing pore constriction. (ii) Intermediate blocking -larger particles land on the membrane surface and partially cover a pore. (iii) Complete blocking -larger particles land on the membrane surface and cover a pore entirely.
(iv) Caking -a layer of particles builds up on the membrane surface, which provides a resistance in the form of an additional porous medium through which the feed must also permeate [2] .
There are various ways in which fouling behaviour may be characterized. One approach is direct monitoring of foulant deposition on the surface of a membrane, which may be achieved through a variety of techniques, including microscopy, laser sensoring, reflectometry, spectroscopy, and 3D imaging [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] . A comprehensive review of various experimental techniques, capabilities and sensitivity specific to membrane protein fouling is provided in [13] . Other more recent approaches include computational fluid mechanics [14] , genetic programming (GP) models [15] , artificial neural network (ANN) tools for modelling highly complex and nonlinear membrane systems [16] , diffusion-limited-aggregation simulation techniques [17] , and multiscale modelling of protein fouling in ultrafiltration [18] .
While direct measurement is a useful tool in understanding membrane fouling, a more common and widely accepted approach involves indirect measurement. For example, examining the temporal variations in volumetric flux, defined as volume per unit membrane area per unit time, defined here as b Q , provides key insight. When filtering at constant transmembrane pressure the flux through the membrane will reduce with time as a result of fouling (Fig. 1a) . A second indirect measurement that is often made is the total throughput, defined as the volume processed per unit membrane area, b V , given by
wheret denotes time. As a result of fouling we generally find that b V approaches a constant value ast ! 1 when a constant transmembrane pressure is applied (Fig. 1b) . There are several articles confirming that the mode of fouling changes during the course of membrane plugging (see, for example, [19, 20] ) with the initial stages dominated by pore blocking, followed by complete blocking, while in later stages cake formation is predominantly responsible for the continued reduction in flux.
Mathematical modelling of membrane fouling dates back to 1935 [21] , focusing initially on models for individual fouling mechanisms. It emerges that these mechanisms can be expressed by
where c is the generalized filtration constant and n may take the values 2, 3/2, 1 or 0, which correspond respectively to complete blocking, standard pore blocking, intermediate pore blocking, and cake filtration. This model effectively describes distinct fouling mechanisms in a definite period of filtration [22] [23] [24] [25] . However, Iritani et al. [26] reported that these individual models were unable to fit their experimental observations and indicated that a combination of effects would probably lead to better results. Two-stage models that combine two individual fouling mechanisms sequentially are able to improve on the agreement with experiment. For example, a combination of pore blocking followed by cake-layer build-up was shown to describe the fouling of track-etched membranes by BSA [27] and proteins [28] . This approach can be generalized to other combinations of two fouling mechanisms [29] and has been further extended to capture three sequential fouling mechanisms, such as pore constriction followed by pore blocking and finally transitioning to caking [30] .
In all of these cases, the indirect measurement of flux and throughput with time provide information on the overall fouling process. However, they are unable to reveal information on the dominant active fouling mechanism at any given time. Combining both of these visualizations in a graph of b Q versus b V provides a much richer understanding of the system behaviour, from which the resulting b Q b V signature allows the dominant mode of fouling at any instant to be inferred.
Generally, when the feed is such that fouling takes place via an individual blocking mechanism such as complete blocking or caking, the
where primes denote differentiation (see solid curve in Fig. 2a) . In this case, the graph depicts a membrane fouling modality where the rate of flux decline reduces as more fluid volume is processed. For example, the reduction of flux of fluid due to fouling reduces the rate of arrival of foulants (or particles), and hence reduces the subsequent rate of fouling.
However, recent experiments have revealed the possibility of an alternative, concave downwards b
as depicted by the dashed curve in Fig. 2a . Such a graph may be identified with a regime in which the rate of fouling increases with time, in contrast to the more conventional observations. One scenario that may give rise to such a fouling behaviour is where contaminants are able to adsorb and desorb to the internal pore structure in such a way that the reduction in pore radius leads to an exacerbated flux decline (see, for example, Fig. 2b and [31, 32] ). However, experiments suggest that such a fouling behaviour may also be observed in the absence of any such adsorption mechanisms (see, for example, [19, 29, 30, 33] ). Furthermore, it is clear that such fouling behaviour is not constrained to the filtration of specific contaminants by a specific membrane, since significantly changing both the membrane type and contaminants within the feed still reveals qualitatively similar results ( Fig. 2c and d) .
In these cases, it is the transition between multiple fouling mechanisms during the filtration process that is thought to be responsible for the observed flux decline. Since current theories assume either that each fouling mechanism operates at a uniform rate, simultaneously and independently of the others, or that fouling mechanisms are sequential in operation, these are unable to reproduce the concave-downward shapes observed experimentally through the effects of standard, intermediate, complete blocking, and caking alone. To capture such behaviour and ultimately replicate the experimentally observed graphs requires a mathematical model that caters for the inter-relation between each fouling mechanism.
In this paper we develop for the first time the foundation of a discrete network model that allows multiple inter-related blocking mechanisms to be active at any given time, including fouling caused by particulate adsorption as well as size-based pore-plugging events. Specifically, the model caters for the interplay between membrane fouling effects, which may change with system state and hence time. For instance, particle adhesion within pores may lead to a reduction in pore size that eventually enables complete pore blocking. The fouling behaviour may be characterized through a series of parameters and we explore in Section 3 the specific effect that each of these has on the resulting b Q b V signature. We explore the required model ingredients that lead to the physical observations exhibited in Fig. 2 . The results are used in Section 4 to interpret how the dominant fouling mechanism varies during a given experiment, and enables us to determine the regimes in which continuum models appropriately describe the fouling behaviour, and those in which our new discrete modelling framework is essential. We conclude by generalizing our model to include more complex effects such as the ability to partially cover a pore or to land on the membrane material, and we demonstrate how this may be simply built onto our framework and the implications such features have on the physical observations.
Mathematical modelling
We consider a membrane, of uniform initial thicknessĥ, that comprises a two-dimensional m Â n array of regularly spaced uniform pores each of radiir 0 , as illustrated in Fig. 3 . The theory we present in this paper may easily be generalized to irregular membranes however here we choose to model a spatially homogeneous membrane to elucidate an accurate characterization of the fouling process. Such regularity is exhibited, for example, in track-etched membranes [34] .
The flow rate through pore ði; jÞ at timet;q i;j ðtÞ is given by Poiseuille's law [35] ,
wherer i;j ðtÞ andĥ i;j ðtÞ are the pore radius and membrane depth respectively, which may change with timet due to the fouling mechanisms, but we assume that the fluid viscosity l remains constant. As noted in the introduction, we consider the operating regime in which the applied pressure difference across the membrane, Dp, is constant across each pore. The total volumetric flow rate through the entire membrane area, b Q , is then given by the sum of the individual fluxes through all pores, and the total throughput is given by
The contaminants are assumed to be solid spherical particles of constant radius,â. On average, a particle will arrive at the membrane every 1= b C b Q seconds, where b C is the concentration (number of particles per unit volume). For any given experiment the particles will, in practice, arrive at times that are randomly distributed around this expected arrival value. However, we are concerned with the general fouling that will be observed and so consider the result of the average of many numerical simulations. In doing so, any randomness in the particle arrival time that is observed for a single simulation will be smoothed out, and so it is sufficient for us to assume that particles arrive in a uniform manner with the fluid processed. All of the results presented in this paper are the average of 50 independent simulations; the results yielded were found to change very little by increasing the number of independent simulations beyond approximately 10.
To enable comparison between different model experiments, we scale the time and flux viâ
so that, when Q ¼ 1, a particle will arrive on average at the membrane every unit dimensionless time. The dimensionless throughput is then
We also scale all lengths with the initial pore radius, r i;j ¼r 0 r i;j ;ĥ i;j ¼r 0 h i;j ;ĥ ¼r 0 h;â ¼r 0 a:
As discussed above, the flux of fluid through each pore, and thus the fouling rate, is affected by various mechanisms. In the following section we detail the effect of each of these fouling mechanisms and how they are accounted for in the network model.
Routes to membrane fouling

Standard blocking
If a particle of size a arrives at pore ði; jÞ and a < r i;j then the particle enters into the internal pore structure. Once within the pore we allow for a finite probability of particle adhesion to the pore wall, p a . This probability will in practice be a complex function that depends on many features, such as membrane and contaminant composition and geometry. Here we suppose that the probability of adhesion within the pore, p a obeys the following law:
where p a0 is a constant, A ¼ 2prh is the internal surface area available onto which particles may adhere, and k is a parameter that measures the importance of the available surface area: when k ¼ 0 the probability of adhesion is independent of available surface area. This functional form captures the key dependence on available surface area that we might expect. The probability of adhesion increases linearly with available surface area for small surface areas, but saturates at a maximum adhesion probability, p a0 , as the available area becomes large. If the particle is adsorbed at the wall then the constriction effect of this particle on the pore is assumed to be distributed over the entire available surface area of the pore, as illustrated in Fig. 4a , so that the new pore radius is ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi r 2 i;j À 4a 3 =3h q . Thus, the total number of particles that may be admitted by a pore, N Ã , is given by
where CeilingðxÞ denotes the ceiling function that returns the smallest integer not less than x. This mechanism of reduction in flux is termed standard blocking.
Complete blocking
If the particle of size a lands on an open pore ði; jÞ of size r i;j and a > r i;j then complete pore blocking occurs. In this case a flow, Q Ã , may still continue to pass through the pore, which we identify with an imperfect seal between the particle and pore (Fig. 4b) . In this paper we assume Q Ã is a constant for simplicity.
Cake filtration
If the arriving particle of size a lands on a pore that has already been blocked then this also reduces the flux through that part of the membrane by increasing the membrane thickness in Eq. (3) to h i;j þ 2a. This feature is termed caking, and is responsible for the continued reduction in flux when all pores have been blocked as illustrated in Fig. 4c . The effect of this mechanism will be most prominent when the flux through the pore following complete pore blocking, Q Ã , is comparable with the initial flux through the pore.
Landing on interpore membrane material
If the particle lands on interpore surface then it has no effect on the total flux but adds to the depth of the membrane layer at that position. When the fraction of particles that land on interpore material increases, the time taken for the membrane to foul will increase (Fig. 4d) .
Mathematical model for routes to membrane fouling
Each of the fouling effects outlined above are catered for in the network model by allowing for the particle either to land on a pore or to land on membrane material. The pore selected by the particle is also determined via a weighted probability that favours sites through which there is a greater flux of fluid. Specifically, we assume that the probability of landing on a specific pore ði; jÞ; p ði;jÞ ¼ p 0 Q i;j =Q , where p 0 is a constant. The probability of landing on the membrane material is then p m ¼ 1 À p 0 . In all of the simulations conducted here we consider an n ¼ m ¼ 12 array of pores, which was found to be sufficiently large to provide an accurate representation of an infinitely large array of pores.
Results
We first present results for a regime in which all four fouling mechanisms introduced in Section 3 are possible. In this case we require the feed to be composed of contaminants with radius a < 1, so that their size is smaller than that of the membrane pores and the particles may enter the pores. We also set Q Ã -0 so that the effect of caking is present. We make two observations in this case. Firstly, the QV signature is able to distinguish each dominant active blocking mechanism via the concavity or convexity (Fig. 5) . Specifically, we find that the graph is composed of three distinct regions: an early-time region in which the flux decline is dictated by pore constriction; a second region in which the flux falls more rapidly as a result of complete pore blocking; and finally a gradual asymptote of the flux to zero through caking. Crucially, as a result of the ability of the model to cater for the coupling among the multiple pore-clogging mechanisms, this mathematical model is able to replicate the rapid flux decline observed experimentally in Fig. 2b -d through the concave-downward QV signature. As discussed earlier, such a trend is not captured by current continuum models that describe and combine the effects of standard blocking, complete blocking and caking in an independent way. In the following subsections we explore the relation between the individual parameters present in our model and the resulting QV signature, and the underlying physical explanation for the behaviour observed.
No pore leakage, Q
Ã ¼ 0
An increase in the probability of adhesion of particles admitted to the pore, p a0 , generates a more rapid flux decline and final throughput as we would expect (Fig. 6a) . However, we also find that the Q -V graphs exhibit self-similarity and we are able to collapse all graphs onto a master curve by rescaling the x-axis with the final throughput, V f (Fig. 6b) . Furthermore, the total throughput is related to the probability of adhesion via
where a % 0:95 and is independent of the particle size and membrane depth, with data lying within 0:5% of this fit for the simulations conducted.
As we increase the relative depth of the membrane compared with the pore radius the number of particles that may be accepted by each pore varies with membrane depth, h in a discrete manner according to (10) . As a result, we find that the Q-V graph similarly varies discretely, with the time taken before complete clogging occurs increasing with increasing h (Fig. 7a) . The increase in the number of particles that may be accepted by a pore with increasing h is apparent by examining the distribution of particles contained within each pore, which illustrates the pore-filling process with time ( Fig. 7b-d) .
The QV signatures are again self-similar and may be collapsed to a master curve by plotting versus the throughput scaled with its final value determined from
where we recall that mn is the total number of pores in the membrane and N Ã is the total number of particles that may be adsorbed within a pore before the next particle completely blocks the pore, given by (10) . Thus mnðN Ã ða; hÞ þ 1Þ denotes the total number of particles that may be accepted by a pore, either within the pore itself or on the surface, before the membrane is completely blocked.
Varying the value of k also reveals self-similarity, though the final throughput depends on k in a nonlinear fashion, as observed in Fig. 8 .
Pore leakage, Q Ã > 0
When we allow a non-zero flux, Q Ã , to pass through a completely blocked pore a tail region in the Q-V graph emerges, which becomes more pronounced as Q Ã increases (Fig. 9) . The data can still be collapsed for the regime in which complete blocking dominates, by rescaling the throughput with the value attained when the flux reaches Q Ã (Fig. 10) . However, the behaviour in the latter stages is dominated by caking and does not collapse onto a master curve. When Q Ã > 0 the flux declines algebraically with throughput and thus no longer attains zero flux in finite time. We may, however, still compare the typical time to blocking by considering, for example, the throughput at which the flux has fallen to a specific (small) value. Considering the throughput attained when the flux falls to 0.5% of its original value, V 0:5% , we find that this exhibits a linear dependence on Q Ã with numerical data lying within a 1% relative error of a linear fit.
Larger particles
When the particle radius exceeds that of the pore radius, that is, when a > 1, standard blocking can no longer take place and the fouling occurs only through complete blocking and caking. As a result, we find that, in this regime, the curvature of the graph changes from concave to the more familiar convex structure (Fig. 11) . In the case when the particles perfectly seal a pore upon arrival (Q Ã ¼ 0) the Q-V graph is linear (Fig. 11) .
Landing on the membrane material
As discussed in Section 3.4, particles that land on the interpore membrane space will have no effect on the flow rate. As a result, when we allow particles to land on the membrane material, the only effect is to increase the total throughput before the membrane becomes completely blocked, so that the QV signature is stretched Fig. 5 . Flux, Q, versus throughput, V, for a feed of particles smaller than the pores, a ¼ 0:9, probability of adhesion, p a0 ¼ 0:1, areal-dependent adhesion parameter, k ¼ 0, membrane thickness h ¼ 10, fraction of pore leakage following complete blocking, Q Ã ¼ 0:3, and probability of arriving at a pore p 0 ¼ 1. Distinct regions are observed where first standard blocking is the dominant mechanism of fouling, followed by complete blocking, and finally a tail region in which the membrane continues to foul via caking. The solid line depicts the region in which no pores are fully blocked, the dot-dashed segment of the curve delineates the region where some pores are blocked, and the dotted portion of the curve shows the portion where all pores are fully blocked and fouling takes place via caking. The resulting graph exhibits both convex and concave downward regions.
along the x-axis with no influence on the shape of the curve (Fig. 12a) . This allows us again to collapse all graphs onto a single master curve by scaling appropriately, in an identical manner to that demonstrated in Fig. 12a . In this case, the final throughput, V f , has an approximately linear dependence on the probability of landing on the membrane material for suitably low probabilities p m ¼ 1 À p 0 K 0:4, and diverges to infinity as p m ! 1 (Fig. 12b) . The majority of industrial microfiltration membranes have surface porosities in excess of 50%. In such situations we expect the behaviour to be approximated by the linear region of the graph. 
Partially covering a pore
In this final section we develop our model to account for the possibility of the arriving particle also landing on the edge of an open pore and partially blocking the pore, that is, intermediate blocking. In this case the flux will be reduced, depending on the particle size. To cater for this feature mathematically we allow particles that arrive at a pore either to land in the centre, where they will enter the pore if r > a or block the pore completely if r < a, or to land on the edge of the pore and occupy one of four sites around the edge of the membrane. We suppose that the latter event has an associated probability p p of occurrence. For each particle that lands on an intermediate-blocking site we suppose that the flux is reduced by a proportion / < 1=4, so that the flux when all four (i) The reduction in flux does not affect the effective pore radius beneath. In this case, the particle that partially blocks the pore reduces the flux but other particles are still able to 'squeeze past' the obstruction at the entrance and adsorb onto the pore walls in the membrane.
(ii) The reduction in flux also corresponds to a reduction in the effective pore radius, which is determined via Poiseuille's law (3) for the new flux. In this case the particle that partially blocks the pore also reduces the size of subsequent particles that can be transmitted into the pore.
We expect that Rule (i) may be appropriate when the particles in the feed are sufficiently small to pass by the obstruction at the pore entrance and subsequently be transmitted into the pore, while Rule (ii) provides the most appropriate representation when the particles are comparable in size to the pore, so that they create a significant obstruction at the entrance.
If we vary the probability of partially covering a pore and suppose that Rule (i) is obeyed then we find that the QV signature of the graph is able to change from concave downwards (solid line in Fig. 2a) to the more conventional convex-downwards (dashed line in Fig. 2a) as we increase the probability of a particle partially covering a pore, p p (Fig. 13a) . This indicates that we may be able to use the shape of the QV signature to decide whether particles will predominantly be admitted by the pore or land close to a pore and provide partial coverage. In response to the change in curvature in the QV signature, the total throughput, V f , is observed first to increase with increasing probability of partially landing on the pore, p p , before decreasing thereafter (Fig. 13b) . As a result, we observe the existence of a maximum throughput, in this example when p p % 0:1, that may be achieved for a specific probability of intermediate pore blocking. This suggests that by treating the membrane to adjust the affinity of particles with the surface we may be able to improve the total throughput achieved. When intermediate-blocking Rule (ii) is obeyed we similarly observe the capability for the QV signature to switch from concave to convex (Fig. 14a) , and again observe a non-monotonic dependence of the final throughput on the probability of partially landing on a pore. However, in this case we find that a minimum throughput is attained, for a critical probability of p p % 0:55 (Fig. 14b) . This suggests that in filtration scenarios where partial pore coverage reduces both the flux through the pore and the effective pore radius available for adsorption it is important to consider the affinity of the particles with the membrane surface when attempting to maximize the throughput. Such insight indicates how our simulations may be helpful in guiding the choice of membrane and operating regimes to optimize the filtration efficiency.
Conclusions
We have presented for the first time a discrete network model that is able to capture the inherent inter-relation among the Final throughput, V f versus probability of partial coverage, p p . In both cases we consider a feed of smaller particles than the pores, a ¼ 0:9, probability of adhesion, p a0 ¼ 0:1, areal-dependent adhesion parameter, k ¼ 0, membrane thickness h ¼ 10; Q Ã ¼ 0 so there are no caking effects, probability of arriving at a pore p 0 ¼ 1, and a fractional partial reduction in flux, / ¼ 0: 25. various mechanisms via which a membrane may foul. In particular, the model captures pore constriction via the entry of particles into the pores and adhesion onto the pore walls, which allows entry of a finite number of particles before the pore becomes completely blocked. Following this, a layer of particles will be deposited on the surface that contribute further to membrane fouling. Each individual fouling mechanism possesses a characteristic signature when viewed as a graph of flux, Q, versus volumetric throughput, V. Specifically, internal membrane fouling or standard blocking was shown to yield a concave-downward graph, while complete blocking of pores by particles that cover pore entrances revealed itself through a linear QV signature. Finally, the deposition of a layer of particles on the membrane surface, or caking, induces a convex-downward curve representing the slow decay to zero flux. Conventional models that do not cater for the inter-relation between these fouling mechanisms typically yield convexdownward graphs, which capture a variety of experimental results well. However, for experiments in which these fouling mechanisms occur simultaneously we showed that this leads to a concave-downward QV signature and it is vital to accommodate the inter-relation among these fouling routes to capture the correct experimentally observed trends. We analysed the parametric dependence of the QV signature on the key system parameters, namely internal pore adhesion, particle size, membrane thickness, probability of landing on the membrane and probability of partially obstructing a pore. We showed how the QV signature can vary significantly depending on these parameters but that many results may be mapped onto a master curve that allows us to make predictions about the microscopic physics from macroscopic measurements. In addition, we showed how the QV signature may be used to infer which stage of blocking a system is in at any given time.
The inclusion of intermediate pore blocking into the model introduced further new features to the system behaviour. In particular, as the likelihood of partially obstructing pore was varied we found that the QV signature was able to transition from the concave-downward shape that is characteristic of multiple fouling mechanisms to a more familiar convex downward structure.
The results of this model provide new insight on the microscopic blocking mechanisms that take place during membrane fouling, new methods for analysing macroscopic observations, and motivates further experiments. In particular, the modelling framework laid out here provides a foundation on which to explore more complex fouling phenomena, such as the inhomogeneities induced in the flow field due to the non-uniform build-up in the cake layer, as well as more complex fouling mechanisms arising for different particle types. The results should lead to new strategies for optimal filtration via appropriate membrane selection and operating regimes, as well as offering guidance for new filter design.
